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Abstract––A nuclear-elastic 9Be +4He reaction is investigated. A tangential literature overview of the proximity
potential is presented, necessitated by an approximate method for calculating l-values. The model is surveyed
intensively, from classical conception (liquid drop model) to physical implication (fusion barrier height), leading
to a second-part calculation of the 9Be +4He angular distribution. The results obtained are limited by the exclu-
sion of phase variation, but provide enough accuracy to give order-of-magnitude estimates for nuclei interacting
peripherally, in agreement with experiment.
1 Introduction
This paper is focused upon calculating the angular distribution of scattering Beryllium and
Helium nuclei. The 9Be +4He scattering is assumed to be elastic (no kinetic energy lost) and
peripheral (the nuclei barely graze one another). The collision is treated semi-classically with
energies ranging from 9.5–20 MeV. For large separation distances, the electrostatic potential
repels the positively charged nuclei, whereas for close-range impact, the strong nuclear force
tends them toward inelastic processes and fusion. At the surface, a third pseudo-force arises
from centrifugal effects generated by angular momentum. The proximity potential is proposed
to try to understand the angular distributions, since the reaction is dominated by surface pro-
cesses.
The angular distributions are thought to suggest that a surface interaction process is dom-
inant, which leads to a specific range of l-values (angular momenta) for a particular energy.
The angular momentum quantum number l must first be calculated to determine the angular
distribution. Suitable values may be calculated by using the proximity potential, which consid-
ers two infinite planes of matter interacting between finite separation distance, with corrections
for curvature. The model is of mathematical origin, projected through the physical lens of the
liquid drop. The first section of this paper may be outlined as such: the classical conception,
physical assumptions, and peripheral applications of the proximity potential, comprising a large
literature survey.
The second section of this paper concerns the computational calculation of the angular dis-
tribution for the 9Be +4He interaction using the information about the proximity potential of
Section 2. The total differential scattering cross section will be formalized as the sum of the
Coulomb and angular momentum distributions, treated semi-classically as to allow interfer-
ence between probability amplitudes. Then using suitable l-values approximated by the nuclear
proximity potential, the results will be compared with a 1964 paper studying the same reaction.
Errors originating from the proximity potential and related assumptions will be discussed, with
some commentary on the optical model and overarching limitations.
†Supervised by Alan Shotter.
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2 Proximity Formalism and Application
Heavy-ion (A> 4) scattering and fusion processes are of key interest in the current study of
nuclear physics [1]. Heavy-ion fusion is particularly important for understanding the creation
of neutron-rich super-heavy elements [2]. An accurate method for determining the interaction
potential between two nuclei has been a field of strong interest for the past fifty years. The
applications of such a potential would be manifold; knowing the nuclear potential value would
lend more powerful quantitative predictions in the areas of multi-fragmentation, cluster decay,
and particle formation.
Current efforts are being undertaken to better understand complete and incomplete fusion,
and super-heavy elements at low-incident energies [3]. The proximity potential is the founda-
tion of many low-incident energy nuclear potential studies [3],[4]. More than sixteen proximity
potential iterations have been made, often from variations of the semi-empirical mass formula
parameters used in the calculation of the Myers-Swiatecki mass formula [3],[5]. The potential
is most useful for the calculation of fusion barriers and cross sections, and has been studied for
both symmetric and asymmetric nuclei. Designed specifically for ion-ion surface interactions,
the value of the potential is further relevant because of the strong surface force influence in
stellar fusion events [4].
Most generally, the proximity potential considers two nuclei interacting within the range
of the strong nuclear force [4]. The potential is classically comprised of two components:
one based on a geometric factor for the nuclei curvature, and another on the separation factor
between two infinite planes of nuclear matter [4],[6]. Since the potential is more often used for
heavier nuclei, it is unclear whether its application to light nuclei will yield accurate angular
momenta estimates.
Before weighing the application to the 9Be +4He reaction, an extensive survey of the prox-
imity potential will be presented, beginning with the liquid drop model, acquiring shell correc-
tions to satisfy surface energy constraints, and finally formalizing the potential and its different
versions.
2.1 Liquid Drop Model
Before formalizing the proximity potential for surface interactions, it is worth inspecting
the model from which it arises, which will help later to understand the underlying physical
assumptions involved, error therein, and areas of possible improvement.
The liquid drop model has long been used for describing the characteristics of nuclei. The
basis of the model is to treat the nucleus as a liquid drop composed of nucleons bound by
nuclear force. The treatment is quasi-classical, ignoring quantum shell effects, giving a uniform
distribution of nucleons in phase space [7]. The distribution is then inhomogeneous for shell-
model corrections, which hold strong dependence on nucleon density at Fermi energy. Along
the surface edge, the outer nucleons have surface tension like a liquid drop; the nucleus is
spherical in its ground state but may be deformed by added energy [8]. The charged liquid drop
with surface tension is a good model for describing nuclei behaviour, particularly at higher
atomic numbers [9].
The relationship of the nucleus to the binding energy in the liquid drop model is given by
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the semi-empirical mass formula, first described by von Weizsäcker and Bethe [8]. Problems
with the shell-less formulation arise from the nuclear mass dependence on nuclear surface
deformations [7]. It is there that nucleon density falls-off in very short distance of the order
∼ r0A− 13 fm [7],[8], where r0 is the radius constant and A the atomic mass number. Since
the surface and volume tensions are not precisely known, the model application to surface
interactions is incomplete without shell corrections.
2.2 Shell Corrections and Surface Energy
The nuclear surface may be approximated by a continuous and asymptotic liquid drop with
shell corrections [9]. The Myers and Swiatecki semi-empirical mass formula (1965) adds a
shell modification depending on the strength and position of magic numbers. The obtained
mass formula contains four liquid drop parameters of various energies and three shell expres-
sions for bunched nucleons and proton Fermi gases, which vanish as a Gaussian function for
large deformations. The Myers-Swiatecki formula is:
M(N,Z,shape) =Mliquid drop +Mshells (1)
=MnN+MHZ+Evolume +Esurface +ECoulomb + corrections.
The shell correction mass-formula assumes a leptodermous (thin-skinned) nucleus, and is sup-
ported by Seyler Blanchard type Thomas-Fermi systems that consider asymmetry and surface
diffuseness [8]. Ludwig et al. (1971) updates the formula to thirteen parameters, after account-
ing for additional surface diffuseness effects.
Treating the liquid drop as a Fermi gas, the surface energy is found to be a function of the
nuclear radius, Fermi energy, and surface tension. Using experimental binding energies [10],
the Myers-Swiatecki surface energy coefficient γ is given by
γ = γ0
(
1− ksA2s
)
(2)
for a surface energy constant γ0 ≈ 0.9517MeV/fm2, surface asymmetry constant ks ≈ 1.7826,
and asymmetry parameter As = N−ZN+Z (accounting for neutron and proton excess of the combined
system). Equation (2) has been many times updated for improved calculations of the surface
asymmetry and surface energy constants, which arise from the liquid drop model with shell
corrections [2].
2.3 Surface Potential Formalism
Blocki et al. (1977) first proposed a generalized theorem for relating two curved objects
using their inter-atomic potential [1]. Classically formulated, the proximity potential is used
to account for heavier atomic nuclei with short-range interactions acting via the strong nuclear
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force. In addition to the case of two atomic nuclei, the approximation may be also extended to
two small cylinders of silicate groups, such as mica [10].
The shape-dependent potential energy of two curved objects consists of a bulk and surface-
layer term, where the decomposition arises when the surface curvature is larger than the surface
thickness, conditional upon the system being simply-connected (which a single nucleus is). The
approximation may be improved by a curvature correction to the leading area-dependent term
in the surface energy, where the necessary conditions are satisfied [10],[11].
For a leptodermous system as previously considered, the total energy of the nucleus may
be approximated as the sum of bulk and surface-layer energy terms such that
V =VP+VS, (3)
where for low-order curvature corrections (for contorted surfaces) the proximity energy VP is
added to the surface energy VS. For curvatures at points of separation comparable to the dif-
fuseness of the nuclei edges, gap configurations of separation distance s are considered for
separated (s> 0) and overlapping nuclei (s< 0) [12].
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In Eq. (2) y is the surface energy per unit are  and the integratio  is over the surface 
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FIG. 1. Schematic illustration of a Gap and a Crevice. In the case of a gap, the least separation 
s may be positive or negative, the latter corresponding to overlapping objects. In the case of a crevice, 
s is negative but the density is uniform throughout the single object (apart from a small diffuseness 
of the surface). 
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Figure 1: Gaps and crevice diagrams given in efe nce [12].
The proximity energy is equal to the double-integral of the interaction energy of two parallel
surfaces of separation D, with corrections for gaps and crevices [11],[12]:
VP =
∫∫
e(D)dσ . (4)
The key trick is the transformation of the two dimensional integral according to gap configura-
tion. Equation (4) becomes
VP =
∫
s or 0
e(D)J(D−S)dD, (5)
where the Jacobian of the transformation
J =
d (area in x-y plane)
dD
=
dσ
dD
(6)
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is the gap width distribution [12]. The surface-layer term in (3) becomes
VS =
∫∫∫
ΘS = γ
∫∫
Σ
dσ (7)
for a surface energy function defined as
ΘS := η−aBρ.
Equation (7) gives an integration over the surface energy, where the integral over η is the actual
energy and the integral over aBρ is the energy that the same amount of matter would require
in the bulk term. This is equal to the double-integral on surface Σ over the infinitesimal area
element dσ of the surface energy coefficient γ .
For a strictly leptodermous system in which the electrostatic interaction is considered, the
surface energy fluctuates due to non-constant equilibrium bulk densities according to the liq-
uid drop model [10]. Indeed, equation (3) can be imagined in the context of the liquid drop,
whereby strongly-interacting particles with short and long mean-free paths may be treated by
classical mechanics and quantum mechanics, respectively.
2.4 Nuclear Proximity Potential
Using the mathematical formalism of Blocki et al. (1977) and physical assumptions of the
liquid drop model, the proximity potential may be further developed for heavy-ion interactions
[6]. The interface between macro-surfaces may be transformed to nuclear surfaces, hence the
nuclear potential may be defined as the proximity potential previously formalized: VN ≡ VP,
where for a paraboloidal approximation [11], equation (5) becomes
VN(r) = 4piγ bR¯Φ(ξ ) [MeV]. (8)
The γ bR¯ term describes the shape and curvature of the nuclei and the universal function Φ(ξ )
describes the minimum separation distance s of two parallel nuclear planes [4],[6]. The surface
energy γ is based on the Myers-Swiatecki formula for the shell-model liquid drop [9],[10]. The
reduced radius R¯ is given by the matter central radius Ci [6]:
R¯=
C1C2
C1 +C2
, (9)
where
Ci = Ri
[
1−
(
b
Ri
)2
+ . . .
]
for i= 1,2. (10)
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The effective sharp radius is
Ri = 1.28A
1/3
i −0.76+0.8A−1/3i [fm] for i= 1,2. (11)
The dimensionless universal function Φ(ξ = s/b) depends only on separation distance s =
r−C1−C2 fm (Figure 1) and is derived using Seyer-Blanchard type Thomas-Fermi nucleon-
nucleon interactions for a leptodermous system [6],[8],[10].
2.5 Models and Limitations
Over the last fifty years there have been more than sixteen proximity potentials proposed
[5]. Most models are generally composed of similar surface energies and universal functions,
but with refined values, such as Proximity 1988, which varies only in the surface energy and
asymmetry constants of equation (2).
Bass 1980 calculates a nuclear proximity potential from experimental fusion cross sections
[3]. The potential is formulated as:
VN(r) =− R1R2R1 +R2Φ(ξ ) = (r−R1−R2) [MeV], (12)
where
Ri = R0i
(
1− b
2
R20i
)
for i= 1,2. (13)
The surface diffuseness b2 = 0.98 fm2 is again taken to be close to unity. Similar to the effective
sharp radius of Proximity 1977 (11),
R0i = 1.28A
1/3
i −0.76+0.8A−1/3i [fm] for i= 1,2. (14)
The main difference between the two potentials arises from the calculation of the universal
function, which considers slightly different gap configurations [5].
One of the more accurate approximations, Winther 1995 uses a Woods-Saxon folding-
potential calculated from the densities of two nuclei and their effective two-body force, with
parameters adjusted to fit elastic scattering data [3],[13]:
VN(r) =− V0
1+ exp
(
r−R1−R2
a
) [MeV], (15)
where
V0 = 16pi
R1R2
R1 +R2
γ a (16)
and
Ri = 1.2A
1/3
i −0.09 [fm] for i= 1,2. (17)
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The surface energy coefficient is reformulated for projectile-target nuclei as
γ = γ0
[
1− ks
(
Np−Zp
Ap
)(
Nt−Zt
At
)]
, (18)
where γ0 ≈ 0.95 MeV/fm2, ks ≈ 1.8, and surface diffuseness parameter
a=
 11.17[1+0.53(A−1/31 +A−1/32 )]
 [fm]. (19)
The AW95 proximity potential is designed for elastic surface reactions, but also gives good
results for Coulomb excitation (inelastic scattering) [13].
The optical model should be mentioned, though it is not based on any of the proximity po-
tentials, nor is it catered to surface interactions. The model is primarily used for the calculation
of the angular distribution in the Taylor (1965) scattering data, which will largely consume the
second section of this paper. The optical model potential is
V (r) =VC(r)−
[
U(r)+ iW (r)+ iW ′(r)−Vso(r)I·l
]
, (20)
where U(r) is the depth of the optical well, W (r) and W ′(r) are imaginary volume and sur-
face variables, Vso(r) is the spin-orbit part of the potential, and the I·l term is a spin-coupling
correction for determining l-values at the potential barrier [14]. The potential terms are scaled
by diffuseness parameters, and the model falls off as separation r approaches infinity, mirror-
ing the density distribution. The model solves the nucleus-nucleus Hamiltonian by distorting
incident and outgoing waves to find the transition probability (distorted-wave Born Approxi-
mation). Limitations to this approach arise when angular momenta processes dominate surface
collisions, such as for back-angle scattering.
The proximity potential may similarly be used to calculate l-values but with a considerable
amount more simplicity. Limitations in the different proximity potentials arise from the (i)
nuclei radius, (ii) universal function, and (iii) surface energy coefficient [6]. (i) varies outward
with isospin and mass, and (iii) with surface diffuseness [2]. The estimation of (iii) may be
further improved by more accurate cross section data. The original proximity formalism (8)
overestimated fusion-barrier heights by ∼ 4% and other experimental data by ∼ 7% for sym-
metric nuclei based on the Myers-Swiatecki surface energy coefficient γ . The next section will
explicitly use Proximity 1977 to calculate suitable l-values in an attempt to better understand
the 9Be +4He interaction.
7
3 Elastic Scattering of 9Be+4He Nuclei
To investigate the effectiveness of the proximity potential for light-nuclei, an elastic scat-
tering event for Beryllium and an incident alpha particle is considered. As will be seen, the
angular distribution for such an event is dominated by angular momenta, evidenced by a rise
in the backward direction that favors orbital phenomena at the surface [4]. For this reason, it
has been suggested that the proximity potential be used to understand the angular distributions,
since the potential is designed specifically for surface interactions.
In order to determine suitable l-values, the Coulomb, orbital, and nuclear potentials will be
formalized and summed. Upon determining the angular relationship for intermediate energies
9.5 and 20 MeV, the respective angular distributions will be considered. Using data from Taylor
et al. (1965) [14], back-angle scattering will be analyzed for higher scattering angles, with
specific relevance to elastic grazing. Commentary on the optical model will necessarily follow
the comparisons made with the Taylor distributions, and a discussion on the performance of the
proximity potential will conclude this section.
3.1 Direct Reactions in the Entrance Channel
The 9Be +4He surface scattering event involves two charged, light nuclei. The peripheral
interaction (direct reaction) will assume negligible inelastic contributions [15]. The proximity
potential is of related interest, since angular momenta in surface reactions are generally larger
than in central reactions [4]. Large angular momentum l-values lower the probability of two
nuclei fusing, but increase the likelihood of strong rotational effects. In the entrance channel
model, the direct reaction is well described by a dynamic (I) approach, (II) attachment, and
(III) separation process (Figure 2). It is at the contact point in (II) that a pseudo-force provides
centrifugal influences strong enough to generate orbital motion. For elastic processes the nuclei
break apart (III), showing a steep rise in cross section at backward scattering angles. To under-
stand this phenomena, the three acting potentials, Coulomb, orbital, and nuclear (proximity),
must be further generalized.
322 R.B. TAYLOR et aL 
Secondly, the diffraction pattern, although pronounced at back angles, does not 
show the large peak-to-valley ratios observed in other light nuclei 12, 13,16). This can 
be readily explained by the spin-orbit coupling term used in the nuclear potential. 
Amplitudes due to the discrete couplings shift out of phase as the angle increases 
and the summed contribution smoothes the angular distributions at back angles. 
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Figure 2: Entrance channel process for two grazing nuclei depicted in reference [4].
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3.2 Surface Potentials
For spherically symmetric charge distributions, the Coulomb potential for projectile-target
nuclei is
VC(r) = ZpZt e2

1
r for r ≥ Rc
1
2Rc
[
3−
(
r
Rc
)2]
for r < Rc
, (21)
where r is the distance between the centers and Rc the radial separation (Coulomb radius)
between them [5]. The impact parameter b is roughly the sum of the projectile and target radii:
b≈ Rc = rp+ rt = r0
2
∑
i=1
A
1/3
i (22)
for nucleon radius r0 ∼ 1.25 fm and nucleon number A. Then it follows that for 9Be +4He
scattering b≈ 4.58 fm. Figure 3 shows the singular Coulomb contribution for this parameter.
0.0 2.5 5.0 7.5 10.0 12.5 15.0
r [fm]
1.0
1.5
2.0
2.5
3.0
3.5
4.0
V
C
[M
eV
]
Figure 3: Isolated Coulomb potential for 9Be +4He elastic scattering.
Orbital angular momentum is conserved in the elastic scattering process: ~pθ ×~r = l}.
Solving directly the system Hamiltonian, the rotational potential is
Vl(r) =
l(l+1)
2µr2
}2 (23)
for orbital angular momentum quantum number l and reduced mass µ = MpMtMp+Mt [4].
Semi-classically, the impact parameter b is related to l by pb= l} for translational momen-
tum p and quantized angular momentum l} [15]. The discrete value of l may be approximated
by
l =
√
2µE
b
}
, (24)
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which gives l ∼ 5 for 9.5 MeV and l ∼ 7 for 20 MeV. Figure 4 shows the orbital potential
contribution of an l = 5 system.
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Figure 4: Isolated orbital angular momentum potential for l = 5 9Be +4He elastic scattering.
Proximity 1977 (8) is now used to calculate the strong nuclear surface potential for the
9Be +4He interaction. The universal function is parameterized by the piecewise function
Φ(ξ ) =
{−12(ξ −2.54)2−0.0852(ξ −2.54)3 if ξ ≤ 1.2511
−3.437exp
(
− ξ0.75
)
if ξ > 1.2511
(25)
for separation distance s = r−C1−C2 fm and minimum (dimensionless) separation distance
ξ = sb [10]. The width of nuclear surface b ≈ 1 and the 9Be +4He (N = 7, Z = 6 combined
system) asymmetry parameter As ≈ 0.0769. The surface energy coefficient γ and mean curva-
ture radius R¯ are calculated using the Myers-Swiatecki formula (2) and reduced radius (9). It
follows that the shape component is constant and the total potential varies only as a function of
r, independent of mass. The isolated nuclear proximity potential is plotted in Figure 5.
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Figure 5: Isolated nuclear proximity potential for 9Be +4He elastic scattering.
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3.3 Effective Potential for Suitable l-values
The total interaction potential is the sum of the three acting force components [6]. Equation
(3) becomes
V (r) =VC+Vl +VN . (26)
Combining the results of Figures 3, 4, and 5 the effective surface potential is calculated for
a range of l-values (Figure 6).
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Figure 6: Effective potential l-values for 9Be +4He elastic scattering.
It is observed that close to the nucleus, the alpha particle goes up the potential barrier as the
radial velocity approaches zero, hence there is some rotation around the 9Be nucleus as linear
kinetic energy is converted into rotational energy. It is assumed that for strong angular momenta
effects, the l-value at the top of the barrier is dominant. It can then be seen that along the
Coulomb radius l ∼ 5 for 9.5 MeV and l ∼ 7 for 20 MeV, in agreement with equation (24).
3.4 Angular Distribution Formalism
Having now calculated suitable l-values for the mid-size energies of the 9Be +4He reaction,
the angular distributions may be found using the Coulomb and nuclear scattering cross sections.
Considering first the Coulomb interaction, the Rutherford differential cross section is(
dσ
dΩ
)
C
=
(
ZBeZHe e2
4piε0
)2( 1
4E
)2
sin−4
(
θ
2
)
(27)
where Z e2 is the nuclear charge, E is the projectile energy, and θ is the scattering angle [15].
The consequent formula is simplified using the dimensionless fine structure constant
α =
1
4piε0
e2
}c
' 1
137.036
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so that (27) becomes (
dσ
dΩ
)
C
=
(
ZBeZHeα }c
4E sin2 (θ/2)
)2
, (28)
where }c ∼ 197.33 MeV·fm, ZBe = +4 and ZHe = +2, and 0 < θ < pi . Considering non-
relativistic energies between 9.5 and 20 MeV, the angular distribution for the Coulomb effect
alone is calculated and plotted (Figure 7). It is observed that the Rutherford cross section
decreases for higher energies and larger angles.
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Figure 7: Isolated Coulomb angular distribution for E = 9.5 MeV 9Be +4He elastic scattering.
The more difficult component of the angular distribution arises from the nuclear effects gen-
erated by orbital angular momentum. Considering incident (spinless) nuclei, the l and magnetic
quantum number m values may only take discrete values: l= 0, 1, 2, . . . and m= 0,±1, . . . ,±l.
The wave function ψ of the system is the product of a radial function and angular component
given by the spherical harmonics Ylm(θ ,φ), where
Ylm(θ ,φ) = (−1)m
√
2l+1
4pi
(l−m)!
(l+m)!
Pml (cosθ)e
imφ ,
and Pl(cosθ) =
1
2ll!
(
d
d(cosθ)
)l (
cos2θ −1)l is the Legendre polynomial.
For the 9Be +4He scattering process, normalization is chosen such that m= 0, since integrating
over the azimuthal angle gives vanishing contribution:∫ 2pi
0
eimφ dφ = 0 for all m= {n ∈ Z+}.
The nuclear differential cross section is proportional to the modulus of the scattering amplitude
squared. Since at the top of the potential barrier, the radial energy approaches zero, it can be in-
ferred without explicit calculation of the transition matrix that
( dσ
dΩ
)
N ∝
∣∣Y 0l (θ)∣∣2. For an elastic
12
scattering process with no phase change, this may be approximated by using a normalization
constant: (
dσ
dΩ
)
N
=
∣∣NrY 0l (θ)∣∣2 for Nr = {λ + iω ∈ C}. (29)
For a given l-value, the scattering area may be divided into fixed radii of varying impact
parameters (smooth values). The total cross section may be estimated to be within the range of
annuli given between parameters (Figure 8), such that
pi
(
b2l+1/2 +b
2
l−1/2
)
∼ σT ≤ pi
(
b2l+1−b2l
)
. (30)
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Figure 8: Approximation of the total cross section using l-values in-between quanta.
A relationship between the total and differential cross sections is obtained by integrating over
the solid angle:
σT =
∮
4pi
dσ
dΩ
dΩ=
∫ 2pi
0
∫ pi
0
dσ
dΩ
sinθ dθ dφ = 2pi
∫ pi
0
∣∣NrY 0l (θ)∣∣2 sinθ dθ
=−2l+1
2
|Nr|2
∫ −1
1
|Pl(z)|2 dz
=
√
2l+1
2
|Nr|2.
It follows that the normalization constant squared is the normalized Legendre polynomial times
the total cross section:
|Nr|2 =
√
2
2l+1
σT = ‖Pl‖σT and |Nr|=
√
‖Pl‖σT = |λ + iω|. (31)
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From equation (29) the angular distribution for the nuclear component is calculated and
plotted for the l = 5 case (Figure 9).
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Figure 9: Isolated nuclear angular distribution for l = 5 elastic scattering.
Combining (28) and (29), the angular distributions can be formalized by scattering ampli-
tudes: (
dσ
dΩ
)
C
= | fC|2 and
(
dσ
dΩ
)
N
= | fN |2.
The total differential cross section (with interference) is then given by
dσ
dΩ
= | fC+ fN |2 =
∣∣∣∣ZBeZHeα }c4E sin2 (θ/2) +NrY 0l (θ)
∣∣∣∣2 . (32)
3.5 Comparison with Taylor Data
Taylor et al. (1965) provides an extensive investigation of 9Be +4He elastic scattering data
for energies between 4 and 20 MeV [4]. Using real well depths, eight excitation functions
and sixteen angular distributions are found [14], where the optical model potential (20) is used
to calculate the latter. Without the I·l spin-coupling term, imprecise back-angle predictions
are made. Bumps in the excitation spectra give strong evidence for rotational processes at the
surface [4].
Unlike the optical model used by Taylor, the proximity potential is specifically designed
for surface collisions between two nuclei. Using the closest l-values (Figure 6), the angular
distribution for the E = 9.5 MeV and E = 20 MeV cases is calculated using equation (32). The
comparative results are produced below:
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Secondly, the diffraction pattern, although pronounced at back angles, does not 
show the large peak-to-valley ratios observed in other light nuclei 12, 13,16). This can 
be readily explained by the spin-orbit coupling term used in the nuclear potential. 
Amplitudes due to the discrete couplings shift out of phase as the angle increases 
and the summed contribution smoothes the angular distributions at back angles. 
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Fig. 3. Optical model fits to Beg(a, a)Be 9 angular distributions. Parameter values are given in table 2. 
Figure 10: Taylor (1965) elastic scattering data from reference [14].
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Figure 11: E = 9.5 MeV,
l = 5 angular distribution.
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Figure 12: E = 20 MeV,
l = 7 angular distribution.
Figures 11 and 12 show order-of-magnitude values in comparison to the Taylor data. Con-
sidering different real and imaginary values of the normalization constant (31), the distribution
amplitudes take a variable range (Figures 13, 14, 15, and 16). In each case, the solid line in-
dicates the classical condition, whereby there is no interference. This happens to be the case
that Nr is completely imaginary, since the complex conjugate of an imaginary term becomes
negative, cancelling out the the cross terms:
dσ
dΩ
= | fC|2 + | fN |2 =
∣∣∣∣ZBeZHeα }c4E sin2 (θ/2)
∣∣∣∣2 + ∣∣NrY 0l (θ)∣∣2 . (33)
The mixed values of real and imaginary components (λ = 12ω) give a more reasonable range
of amplitudes than do the completely real values. For more accurate results, the favorable mag-
nitude of the imaginary component seems to suggest errors arising from absent phase change.
The optical model used by Taylor uses the Woods-Saxon potential (15) for the imaginary part
of the potential and the I·l spin-coupling term (20) for back-angle corrections [5].
15
0 100
✓ [degrees]
100
101
102
103
104
d
 
/d
⌦
[m
b
/s
r]
Figure 13: E = 9.5 MeV, l = 5 angu-
lar distribution with half-imaginary and
half-real components of Nr.
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Figure 14: E = 20 MeV, l = 7 angu-
lar distribution with half-imaginary and
half-real components of Nr.
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Figure 15: E = 9.5 MeV, l = 5 angular
distribution with completely real Nr.
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Figure 16: E = 20 MeV, l = 7 angular
distribution with completely real Nr.
The strong influence of the proximity formalism used, shows reasonable back-angle peaks
for higher scattering angles. To observe the dominance of the angular momentum component at
larger angles, the ratio of the Coulomb and nuclear contributions | fC/ fN | is plotted in Figures
17 and 18.
For both energies, and without much influence by scaling the normalization constant, the
strength of the nuclear component dominates the Coulomb force beyond 160 degrees. This is
once more indicative of strong angular momenta processes happening in the exit channels.
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Figure 17: E = 9.5 MeV, l = 5 ratio of Coulomb to
Nuclear processes as a function of scattering angle.
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Figure 18: E = 20 MeV, l = 7 ratio of Coulomb to
Nuclear processes as a function of scattering angle.
4 Conclusions
The primary reason for using the proximity potential for a light nuclei-nuclei interaction
was to better understand the sharp angular distribution rise for back-angle scattering. The
optical model is lacking in this aspect, since it is not specifically designed for direct (surface)
reactions, hence requiring a more sophisticated spin-coupling term. The proximity potential
here excels at showing physical insight without complicated scaling.
Inaccuracy in the proximity method of calculating the angular distribution stems largely
from the liquid drop model. The real nucleus is far more complex than the assumptions of
the drop, and is particularly inaccurate for light nuclei with small binding energies. Indeed,
there is a Fermi superfluid inside the shell that does not rotate with the outer edges, effectively
lowering the moment of inertia that is classically provided by the liquid drop model. The shell
correction of Myers and Swiatecki (1) is a strong improvement from the original model but still
incomplete, despite successful predictions for spherical nuclei in their ground state [8].
Another limitation of the proximity potential application to light nuclei arises from the
surface diffuseness parameter b, whereby the similarity to the Coulomb radius must not be too
high. The impact parameter is more precisely defined as
b′ = rp+ rt +b, (34)
which gives new cross section dependence for a rotating liquid drop [16]. In real experiment,
the impact parameter takes many different values and the nuclei scatter inelastically [15].
The methods used in this paper would be further improved by calculating the full Hamil-
tonian and considering phase change, as well as the imaginary component in | fC|, which
would give two more orders of freedom. Rigorous treatment of phase would require using
the distorted-wave Born approximation for incident and outgoing waves. This remains an area
of technical strength for the optical model. The nuclear potential is important beyond the angu-
lar distribution, since the potential energy constitutes half of the system Hamiltonian function
[16]. To develop a more complete theory, and further understand suface phenomena, the shell
structure influence on the kinetic energy might be considered. The development of a semi-
empirical Hamiltonian would simplify the surface-energy coefficient in the proximity potential
[10] and potentially yield further insight into the 9Be +4He reaction and other light nuclei scat-
tering events.
17
References
1. Gharaei, R., Zanganeh, V. & Wang, N. Systematic Study of Proximity Potentials for
Heavy-ion Fusion Cross Sections. Nuclear Physics A 979, 237–250 (Nov. 2018).
2. Dutt, I. The Role of Various Parameters Used in Proximity Potential in Heavy-Ion Fusion
Reactions: New Extension. Pramana–Journal of Physics 76, 921–931 (6 June 2011).
3. Dutt, I. A Pocket Formula for Fusion Barriers Using Proximity-type Potentials. Physics
of Atomic Nuclei 74, 1010 (July 2011).
4. Shotter, A. Report on 9Li +4He Analysis. University of Edinburgh School of Physics and
Astronomy (Internal Report Dec. 2019).
5. Aygun, M. Alternative Potentials Analyzing the Scattering Cross Sections of 7,9,10,11,12,14Be
Isotopes from a 12C Target: Proximity Potentials. Journal of the Korean Physical Society
73, 1255–1262 (Nov. 2018).
6. Ghodsi, O. & Daei-Ataollah, A. Systematic Study of α Decay Using Various Versions of
the Proximity Formalism. Phys. Rev. C 93, 024612 (2 Feb. 2016).
7. Strutinsky, V. Shell Effects in Nuclear Masses and Deformation Energies.Nuclear Physics
A 95, 420–442 (2 Apr. 1967).
8. Ludwig, S., von Groote, H., Hilf, E., Cameron, A. & Truran, J. Droplet Mass Formula
Fit. Nuclear Physics A 203, 627–640 (3 Mar. 1973).
9. Myers, W. & Swiatecki, W. Nuclear Masses and Deformations. Nuclear Physics 81, 1–60
(1 June 1966).
10. Blocki, J., Randrup, J., Swiatecki, W. & Tsang, C. Proximity Forces. Annals of Physics
105, 427–462 (2 June 1977).
11. Randrup, J. Mass Transport in Nuclear Collisions. Nuclear Physics A 307, 319–348 (2
Sept. 1978).
12. Blocki, J. & Swiatecki, W. A Generalization of the Proximity Force Theorem. Annals of
Physics 132, 53–65 (1 Mar. 1981).
13. Winther, A. Dissipation, Polarization and Fluctuation in Grazing Heavy-ion Collisions
and the Boundary to the Chaotic Regime. Nuclear Physics A 594, 203–245 (2 Nov. 1995).
14. Taylor, R., Fletcher, N. & Davis, R. Elastic Scattering of 4–20 MeV Alpha Particles by
9Be. Nuclear Physics 65, 318–328 (2 Mar. 1965).
15. Krane, K. S. Introductory Nuclear Physics (John Wiley and Sons, 1988).
16. Cohen, S., Plasil, F. & Swiatecki, W. Equilibrium Configurations of Rotating Charged or
Gravitating Liquid Masses with Surface Tension. II. Annals of Physics 82, 557–596 (2
Feb. 1974).
18
